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A new topological model is proposed in three dimensions as an extension of the BF-model. It 
is a three-dimensional counterpart of the two-dimensional model introduced by Chamseddine and 
Wyler ten years ago. The BFK-model, as we shall call it, shows to be quantum scale invariant at all 

. . . orders in perturbation theory. The proof of its full finiteness is given in the framework of algebraic 

Oi . renormalization. 
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C/^ ■ I. INTRODUCTION. 

(N ; __ 

\ The BF-models have been widely investigated since the middle of the eighties ||l|-|lj| , specially the two-dimensional 

Cn ■ BF-model in connection with topological quantum gravity 0-0] . The properties of ultraviolet and infrared perturbative 
finiteness of the two-dimensional BF-model have been rigorously proved in the framework of algebraic renormalization 
H, there the authors make use of an additional symmetry peculiar to topological models in the Landau gauge, called 
vector-supersymmetry p,n*-n5[. As a natural extension of the two-dimensional case, it has been proposed in H an 
\^ • extended BF-model, as a gauge theory for topological quantum gravity, which accommodates a topological matter 
^D ' coupling. Later, the authors of [Q have been shown that the model proposed in [0 is still ultraviolet and infrared finite 
at all orders in perturbation theory by using the same approach as those of pi have done to the pure two-dimensional 
BF-model. 

At the level of perturbation theory, a general classification of all possible anomalies and invariant counterterms 
of BF-models in any space-time dimension has been done in [RJ. The feature of the independence on the gauge 
coupling of those models was pointed out by the authors of 0. Moreover, it has been shown that D-dimensional 
pH ' BF-Yang-Mills-models, a BF formulation of the Yang-Mills theory, are cohomologically equivalent to Yang-Mills pOJ. 
Three-dimensional BF- Yang-Mills theory, both Gaussian and extended, have been algebraically quantized by the 
authors of |ll|| , where the proof of their exact quantum scale invariance at all orders in perturbation theory have been 
given in |l2|. Note: after the completion of this work we became aware of ref. |lq], where a dimensional reduction a la 
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JH \ Scherk of the Gaussian four-dimensional Abelian version of the BF- Yang-Mills- model is performed to three dimensions 
leading to a model similar to ours, there its spectrum is analyzed in details as well. 

Our purpose in this letter is to present a rigorous proof on the finiteness of an extended version of the BF-model 
in three dimensions introduced here. Such a model, we shall call BFK-model, is a three-dimensional counterpart of 
that model in two dimensions proposed by Chamseddine and Wyler S . The proof is performed by using the method 
of algebraic renormalization p|, which is independent of any particular regularization scheme. The letter is organized 
as follows. The BFK-model and its symmetries are introduced in Section II. In Section III, the proof on the full 
finiteness at all orders in perturbation theory is sketched and at the end the conclusions are drawn. Here in this letter 
we summarize the main results and all details shall be reported elsewhere in a more complete paper p7|| . It is now 
under investigation the classification of all possible counterterms and anomalies of the D-dimensional BFK-model pq ] 
by following the same approach of B. 
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II. THE BFK-MODEL IN D = 3 AND ITS SYMMETRIES 
A. The classical action 

The classical action of the BFK-model in Z? = 3 is given by 

S^^K = ^ Tr y" d^x e^^P {B^F^p + Kp,Dp<p} , (1) 

where i?^ is a vector field, K^i, is a rank-2 antisymmetric tensor and cj) is a scalar. The second piece of the action ffl) 
can be seen as a topological matter coupling, where the matter fields K^^, and (j) lie in the adjoint representation of 
the gauge group. In two dimensions similar topological matter term was proposed by Chamseddine and Wyler [pj. 
Any field, if, is to be assumed as Lie algebra valued, in such a way that 

^ = f'^Ta , (2) 

where the matrices t are the generators of the gauge groupfj and obey 

[Ta,n] = fabcTc and Tr{Tan) = -Sab ■ (3) 

The field strength, F^^, is defined as 

Fp. - dpA, - d.Af, + [Af,, A,] , (4) 

and the covariant derivative reads 

D,,4>^d,,^+[A,„^]. (5) 



B. Gauge symmetries 



The action (Q) possesses two symmetries: 
1. The standard gauge symmetry 



2. The topological symmetry 



SaAp = -D^a = -{d^a + [A^, a]) , 5^3^ = [a, Bp\ , 

5aK^^ = [q, Kp_y\ and ba4> = [a, </»] . (6) 



5fiAp = , SpBp = -{D^fi + [/3^, 0]) , 

5fiK,,, = -{D,,l3,-D,l3p) and 5p<p = Q. (7) 



C. BRS symmetry 

The corresponding BRS transformations of the fields, A^, B^, K^,^ and 0, stemming from the symmetries (0) and 
(0), are given byg 



'^The gauge group is considered as a general compact one. 

■^The commutators are assumed to be graded, namely, [ip\^ , ip^] = ip\^ip^ — ( — l)®^®^(/'2^'^i^ i where the upper indices, gi and 
g2, are the Faddeev-Popov charges ($11) carried by ip^"^ and ip^^, respectively. 



sA^ = ~D^c = -{d^c + [A,,,c]) , sB^ - -D^B^ + [0, B^] + [c, B^] , 

sK^, = -{D^Bl - D,Bl) + [c, K^,] , s(j) = [c, (j)] and sc = c^ (8) 

where c and i?'^ are scalar ghosts, and B^ is a vector ghost, aU of them are anticommuting fields with Faddeev-Popov 
charge (ghost number) one. Bearing in mind that we have a residual degree of freedom from sK^^i, caused by a zero 
mode {B}^ = D^cp'^), i.e., it is a reducible symmetry, has to be fixed, therefore, yielding a ghost B^ for the ghost B}^. 
Now, fixing the zero mode by introducing the ghost for ghost, B^, the remaining BRS transformations read 

sB^ = [4>, B'^] + [c, B^] , sB^ = D^B"^ + [c, Bl] and sS^ = [c, B^] . (9) 

It should be noticed that the BRS operator s is nilpotent up to the field equations for _B^ and -ftT^j/, since 
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ryBFK 

'^^'''' 5B, 



(10) 



called on-shell nilpotency. 



D. Gauge-fixing 



The gauge-fixing we are considering here is of the Landau-type. Since we are dealing with a more complex model 
than the Yang-Mills one, face its symmetries, some subtleties arise as their consequence. In order to implement the 
gauge-fixing we couple the Lagrange multiplier fields 6, 7r°, 7r°'^ and tt^^ to 

Tibd^Af,, Tr7r°a^B^, Titt^" {d^'K^^ + d^p^) and Tr 7r-i(a^Bi + A^) , (11) 

where the multiplier fields belong to the following BRS-doublets: 

sc — b, sb = Q ; 
sc"'^ = 7r° , S7r° = ; 
sc~^^' = 7r°^ , stt"^ = ; 
sc-"^ = TT^i , STT^l = . (12) 

We stress here that for the fields, K^^, and B}^, inhomogeneous gauge conditions (|l^) have been chosen. In which 
concerns the field K^^, a gauge condition of the type n^^d^K^^ would not fix completely the gauge, since a residual 
degree of freedom is present by tt^'' — > tt'^" + d'^ (f , therefore, due to this fact an inhomogeneous gauge-fixing condition 
has to be adopted. Since it is an Abelian transformation does not demand further ghost fields. Besides the condition 
on K^i, has introduced a new field p^ , it yields also the consideration of another inhomogeneous gauge condition 
associated to B]^ by putting into the game the field A^. In fact, the introduction of A"'^ is due to cohomological 
arguments, so in order to protect the independence of BRS-cohomology in those fields introduced by hand, we force 
them to belong to a BRS-doublet 

sp"^ = A\ sA^ = . (13) 

Bearing in mind that a neutral Faddeev-Popov charge action is desired, the fields p^ and A^ have already had their 
charges fixed^, and 1, respectively. 

Now, to introduce a BRS-trivial gauge- fixing compatible with the gauge conditions (|l^), we add to the action dll) 
the following four pieces: 

E^f = s Tr /" d^x cd^'Af, , ^^ ^ s Tr f dPx c^^9^B^ , 

I]3j = sTt f d^x c-^'^idfRf,^ + d^p°) and S^f ^ s Ti f d^x c-^id^Bl + A^) . (14) 



^The dimension (d) and the ghost number ($11) of all fields are displayed in TABLE 



Moreover, since those four pieces (|^ of the gauge-fixing shah break the on-shell nilpotency ( pl)| ) of the BRS operator 
s, further modifications of the BRS transformations are necessary, however, in order to restore the BRS invariance an 
additional term has to be added to the gauge-fixing sector as well. The full modified gauge-fixing action, 



with 



reads 



Sgf = Sgf -I- Sgf + Sgf -I- Sgf + Smod , (15) 

E„,od - Try d^x e^'''Pd^cZ\dpC-\B-'] , (16) 

Egf = Tr j d^x hd^'Ap + ^Oa^B^ + TT^^d^'K^, + 9,p") + Tr-\d^Bl + A^) + 

+ cdf^D^c + c-^d^{D^B' - [(/), Bl] - [c, B^] - e^^pld^c-'", B^]) + 
+ c-^-'id^iD^Bl - D^Bl - [c, K^,] - e^,p[dPc-\B^]) - 8^^] + 

+ c-^d^^{D^B^ + [c,Bl])+e^-Pd^cZ'[dpC-\B']\ , (17) 



where the enlarged BRS transformations associated to B^ and K^^ are given by 

sBf, = -D,,B' + [(/., Bl] + [c, B^] + s^^pid'c'^P, B^] , 
sK^, = -{D,,Bl - D,Bl) + [c, K^,] + ep,p[dPcr\B^] . (18) 

Let us now introduce the action in which the nonlinear BRS transformations are coupled to the antifields (BRS 
invariant external fields), so as to control the renormalization of those transformations: 

Eoxt = Tr / d^x I B*.sB^ + -KJ^^sRi"' + ^* sA^ + (/)*s0 -1- c*sc + B^*sB^ + B^*sB^ + Bj^sB^f" + 

+ ^e^-PB;[K:^,B']Y (19) 

The total classical action for the BFK- model, r*^"^ : 

is invariant under the following BRS transformations 

sB^ = -D^B^ + [(/), Bl] -I- [c, B^] + e^.pid-'c-^P, B^] , 

sK^, - -iD,,Bl - D^B^) + [c, Kp,] + ep,p[dPc-\B''] , 

sAp = -DpC , stj) = [c, (/)] , sc = c^ , 

sB^ = [0, B^] + [c, i?i] , sBJ^ = DpB^ + [c, B^] , sB^ = [c, B^] , 

sc^b, s6 = 0; sc-i =7r°, sTr° = ; 

sc-^f" = tt"^ , sTr°P = ; scr'^ = tt-^ , stt^i = , 

sp" = Ai , sAi == . (21) 



The BRS invariance of the action ( |20D is expressed through the Slavnov- Taylor identity 

66'* S6~^~Sc* 6^ ^ SB^* SB^ 



S(r^ ') = Tr / d X < I 1 

^ ^ J \ 6B*^ SB>^ 2 5K*^ SKt^^ SA*^ 5Ai^ 



5B^* SB^ (5B1* (551^ fc 6c-^ fc-^^ fc-^ ^pO J ^ ^ 

which translates, in a functional way, the invariance of the classical theory under the BRS symmetry. It is suitable 
to define, for later use, the linearized Slavnov- Taylor operator as below 



r 5r(o) ,5 (5r(o) s i ,5r(o) <5 i (5r(o) s srC'^ 6 (jr^ ^ 






5A*, 5A^' SAi" SA* 

+ 



S(j)* 5(j) 5(j) 5(j)* 5c* 6c 6c 6c* SB^* SB^ SB^ SB^* 5B^* 5B^ 5B^ SB^* 
Sr(°) 6 (5r(o) 6 6 ^6 r,,, 6 ,6 ,, 6 ] 

6Bl* 6B^i^ 6B^t' 5Bl* 5c Sc"^ 6c~^^' 6c-^ 6p° ] ^ 

Since the BFK-model is a topological model of Schwarz type, in the Landau gauge, as we are assuming here, a 
symmetry called vector-supersymmetry [plnsHlq] stems: 



^^P(0) ^ ^w, ^ (24) 

where its representation by means of a Ward operator is given by 

+ a,..-ji, + a„p"j|, - B"^ - i,„,„B;r ji- - e-jA, - B-^} , ,25) 

and the classical breaking (linear in the quantum fields), A^ ^, reads 
A;:^" - Trfd^x l-Btd^B" - ^Kt^d^K'^P - Ald^^A" ~ 0*9^0 + c*d^,c - B^*df,B^ + B^*d^B^ + Bl*d^B^'' + 
- e^,pB*''d''b + e^,pA*''dP7r" + £^.p0*a'^^°4 . (26) 



By similar reasons to the existence of a vector-supersymmetry in the BFK-model, a scalar-supersymmetry can be 
found: 

Lr(o) = aL ^ (27) 

where its Ward operator reads 



L = Trjd^x i^^e,,,id^c + A*nj^ - le.^.id^'^c-'''^ + K*''")^ ~ ^ 



' ^B^'^B. ' 



p . .^^ 6c 6B^ ''5BI 



-2 '5 , „-l '^ , Dl* ^ „* ^ d2* 5 



fc-i 6ti° <-' 5B*^ 64>* 6B^* ' ' ' 

and its linear breaking in the quantum fields, A , is given by 



d^x I ie^^p (^K*'"'dPb - yl*^9['^7r"''l) | . (29) 



A^ = Tr 



E. Gauge conditions, ghost and antighost equations 

This Subsection is devoted to establish the gauge conditions, ghost and antighost equations, and two others quite 
important symmetries in the proof of the exact quantum scale invariance of the BFK-model. 
The gauge conditions read 

Ar(o) (5r(°) (5r(°) ^r(") 

moreover, the conditions fulfilled by the BRS-doublet auxiliary fields, p° and A^, are given by 






-a^7r° and — rr-r 






(31) 



The ghost equations: 



e(r(")) ^ ^ + d^^^T- = , eHr(")) ^ tW + ^^^ = o 



5c 



SA*f^ 



Qli^^"^)^T^ + d^TL7^--d,^' and ^^(rW) ^ ^ - 9-^i^ ^ 



(5c- 1^ (Jii'*'^^' 



,5c-2 



5B^*f' 



(32) 



mean that F^"^ depends on the antighosts, c, c ^, c^ and c 2, and the antifields, A* B*, K* and _B^*, through the 



/J' M' fif 



combinations 

Al = Ai + d^-c , b; = b; + d,c~^ , k;, - k;, + d^^c-^ and s^* = b;,* - d^c-^ 

In the BFK-model there are two antighost equations, they are Usted as below: 



(33) 



g(r(o))./.3.^^ + 



._i <5r(") 



= A , where 



A^^ /d3^{K,i?:] + [c,i?i*]} 



^(r(°)) = / dPx 



5T^ 
SB^ 



,5r(") 
(5fe 



= A , where 



A^ = Jd^x jie^.p {[B*'',{d^''c-'P^+K*''P)] + [X^^^a^c-i]) + [B2*,c] + [B^*,^] + [i?i*,yl^] 



(34) 



(35) 



From those operators, Q and M, two others can be found by grading commutations with the Slavnov-Tayfor operator 
(see the operatorial algebra in the next Subsection): 



J(r("))= fd'xi 



A. 



sr(o) 



SB 



,5F(") 



, 



B 



,5F(") 



r5F(o) 



,551 



B 



1* ^ 
5c* 



__i (5r(o) 



(5c 



(36) 



(5r(o) 



(^[Mg-iH + /f *M^)^ 



<5r(") 



<5B„ 



(a^c-i + B*^), 



(5F(") 
(5ii:, 



^U7 






(5F(o) 



' ,5c 



_i <5F(") 



,56 



Ar(o) 



5^ 



,5F(") 



,5F(") 



B' 



6B^ 

,5F(") 



(5c* 



(5r(°) 

'' (551 

= A® 



where A 







d'x jie^.p ([^o,a^if*'^''] - [^o^al-^B*"!]) 



(37) 



It should be pointed out that the breakings, A^, A"^ and A*^, being linear in the quantum fields are not subjected 
to renormalization. 



F. Operatorial algebra 



All operators introduced previously satisfy the following off-shell algebra for any functional /C with even Faddeev- 
Popov charge: 

1. Slavnov- Taylor operator identities 

Sk:S{IC) = V/C , SicSic = if 5(/C) = , 

W^S{IC) + 5k(W^(/C) - AJ7-) = r^ilC) , LS{IC) + SiciHIC) - A^^) = , 



^^^^^ S^ (4^ - d'K,. - d.p') = Qlm + d.X' , ^-P^ + Sk f /^ - d^Bl - AM = g^m , 



gs{ic) + SKGiic) = , g's{ic) + s^g^ic) = o , 

g^siic) + SiciQliJC) + d^x^) = , g^s{ic) - s^g^ic) - o , 

gs{ic) + s^igiic) - a^) = T{ic) , J5(/c) - 5kJ{/c) = o , 

iES'(/C)-S'K:(^(/C)-A*) = 0(/C)-A® , 0S{IC) + Sk:{0{IC) - A'^) = ; (38) 

2. Other identities 
{>V^,>V.} = 0, {W^,L} = 0, {L,L} = 0, 

w^{g{ic) - A^) + g{w^{ic) - a]^-) = o , L(a(/c) - A^) + g{L{ic) - a^) = je{ic) - a* , 

W^:f(/C) - T{W^{IC) -A'^-)^0, LT{JC) - TmiC) - A^) = 0(/C) - A® , 
>V^(^(/C) - A^) - M(Wf,ilC) ~ Aj;^-) = , L{M{IC) - A^) - ^(L(/C) - A^) = , 
>V^(0(/C) - A^) + 0{W^{IC) -A'^-)^0, L(0(/C) - A^) + 0(L(/C) - A^^) = , 

r(e\/c) - A^^) + g\T{JC) - A^'') = , TT\ic) - y^y'm ^ o , Ty\ic) - y"{g\jc) - A^'') = , 
g"[M\K.) - A*^) - ^"(a^/c) - A^^) = , g"{@\}C) - A^'') + 0"-(g\ic) - ^^) = o , 

y"{M\ic) - A^'') - M''y\K) = , y"'{0\]c) - a®^) - &''y\ic) ^ o , 

M^iM^iK) ~ A^'') - M^iM^iJC) - A^'^) = , 0°(0''(/C) - A*^^) + 0^(0''(/C) - A'^") = , 
iE°(0''(/C) - A^*") - 0"(iE''(/C) - A^'') = , 

[7',,,e] = ovee{5K,w^,L,g,g\gi,g2,^,J,^,0,7'^}, (39) 

where V^ is the Ward operator associated to translations: 

P^^J^Tr /"d':Ea^(^^ . (40) 



The first group of identities involving the Slavnov- Taylor operator given by ( pSj) are those which yield the conditions 
(the well-known Wess-Zumino consistency condition is one of them) to be satisfied by the quantum breaking of the 
Slavnov- Taylor identity (|2^ ) allowed by the Quantum Action Principle [g| . 

III. FINITENESS 

In this Section is summarized the results on the study of stability of the classical action under radiative corrections, 
the implementation of the Slavnov- Taylor identity at the quantum level and the conclusion on the finiteness of the 
BFK-niodel at all orders in perturbation theory. 

A. Stability 

In order to check whether the action in the tree-approximation is stable under radiative corrections or not, we 
perturb it by an arbitrary integrated local functional E*^, such that 

f (0) = r(") -f eE% (41) 



S^mY." = W^S^ = LS'^ = ^r^ = ^^^ = ^^^^ = r = ^^^ = ^TT-r = 



where e is an infinitesimal parameter. The functional S° has the same quantum number^ (dimension 3, Faddeev- 
Popov charge 0, . . . ) as the classical action, T^^\ and the deformed action, r^^\ must obey in the same way all the 
identities F^*^^ does, leading therefore, to the following homogeneous conditions to be fulfilled by the counterterm, S'^: 

SJ:" _ ST." _ SY,"^ _ SY,"^ _ SY"^ _ 5Y'= 

gY" = g^Y"" = glY" = g'^Y'^ = gY" = my'' = Ty" = 0Y'= = o . (42) 

In searching for the most general counterterm satisfying all the constraints listed above, it can be shown pTJ that 
there is no integrated local polynomial in the fields which survives those requirements, then 

E^ = , (43) 

meaning that the usual ambiguities due to the renormalization procedure do not appear in the BFK- model. It remains 
now to prove the absence of anomalies in order to conclude about the perturbative finiteness of the model. 

B. Anomaly and finiteness 

At the quantum level the vertex functional, F, which coincides with the classical action (PQ), F'"^ at order in h, 

F = F("' + 0{h) , (44) 

has to satisfy the same constraints as the classical action does. However, according to the Quantum Action Principle 
Pi the Slavnov- Taylor identity (E3) gets a quantum breaking 

5(F) = A ■ F = A + 0{hA) , (45) 

where A is an integrated local functional with ghost number 1 and dimension 3. The absence of anomalies amounts 
to show that the Slavnov- Taylor identity can be implemented at the quantum level at the expenses of a BRS-trivial 
breaking A = iSpA^'^^ called noninvariant counterterm. 
The nilpotency identity, S'rS'(F) — 0, together with 

5r = 5r(o, + 0{h) , (46) 

implies the Wess-Zumino consistency condition for the breaking A: 

5r(o)A = 0, (47) 

beyond that, through the algebra (p8[), A satisfies: 

, SA 5A 6A SA SA SA 
WnA = LA = —- = -—- = — -- = - — - = —- = -—= , 
^ Sb Stt'^ dTT^t^ Stt-^ Sp'^ S\^ 

gA = g^A = gJ^A = g^A ^gA^iEA^TA^0A^o . (48) 

The Wess-Zumino consistency condition ( p7| ) constitutes a cohomology problem in the sector of ghost number one. 
Its solution can always be written as a sum of a trivial cocycle iSp(o)A(°\ where A^") has ghost number 0, and of 
nontrivial elements belonging to the cohomology of iSp(o) (p3) in the sector of ghost number one, A^^': 

A = y^W-f5r(o)A(o) . (49) 



Although the constraints imposed to A in (47) and ( [4q ) show that A^^"^ = Jl^l, it can be proved quite generally that 
in three-dimensions there is no anomaly, since the cohomology in the sector of ghost number 1 is empty up to possible 
terms in the Abclian ghosts ||l^. However, through the arguments of ^^ we conclude that the C/(l)-ghosts do not 
contribute to the anomaly due to their freedom or soft coupling, then the Slavnov- Taylor identity is implemented at 
the quantum level. 



In conclusion, the absence of counterterms in the study of stability, as presented in Subsection III A , together with 



the result of Subsection [II B concerning the absence of anomaly lead to a proof on the finiteness of the BFK-model 



at all orders in perturbation theory. 



*See TABLE | for tlie dimension and the ghost number of all fields and anti-fields. 
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TABLE I. Dimension d and ghost number <l>n. 
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